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A NEW INVARIANT AND DECOMPOSITIONS OF MANIFOLDS 

EIJI OGASA 


Abstract. We introduce a new invariant of manifolds associated with a kind of de¬ 
compositions of manifolds. 


1. A PROBLEM 

In order to state our problem, we prepare a definition. 

Definition 1.1. Let M (resp. N) be an m-dimensional smooth connected compact 
manifold with boundary. Let dM = IIAj and dN = IlTj, where 11 denotes a disjoint 
union of manifolds. Let Xi (resp. Yi) be connected. A boundary union M Uo N is an 
m-manifold which is a union M U A with the following properties: Let p G M fl A. Then 
we have: 

(1) p G dM and p G dN. Hence there is one and only one boundary component X„ 
(resp. Yr) of M (resp. A) which includes the point p. 

(2) Xa- is diffeomorphic to Yr. We identify X^ with W when we making M Ug A. 
(Note that, in the oriented manifold case, both M and A are oriented and we let 
the orientations be compatible. ) 

Note that we do not assume how many components M fl A has. 

Note that not all unions M U A are boundary unions. 

Let p be an integer ^ 2. Suppose that a boundary union L' of p manifolds Li, ...,Lp 
is defined. Then a boundary union of a manifold Lp+i and L' is said to be a boundary 
union of (p + 1) manifolds Li, ...,Lp+i, be denoted by We say that M is a 

boundary union of one connected manifold M. 

We state our problem. 

Problem 1.2. Let m be a nonnegative integer. Is there a finite set S of oriented compact 
connected manifolds with the following property (*)? 


Keywords: decomposition of manifolds, a new invariant v{M), boundary union. 
MSC2000 57N10, 57N13, 57N15. 

Differential Topology . 


1 



(*) An arbitrary compact connected m-manifold M with bonndary is a bonndary 
nnion of finite nnmbers of manifolds each of which is an element of S. 

We can consider the case where M is oriented. We can also do the case where the 
diffeomorphism type (resp. the homeomorphism type) of dM is restricted. We may do 
other cases. 

It is trivial that the answer is affirmative if m ^ 2. String theory nses the fact that 
the m = 2 case has the affirmative answer, discnssing the world sheet (see e.g. [HE]). 

At least, to the anthor, a motivation of this paper is the following: In QFT, each 
Feynman diagram is made by the given fnndamental parts. In string theory a world 
sheet (so to say, 2-dimensional Feynman diagram) is decomposed into a hnite nnmber 
of 2-manifolds as stated above. In M-theory we may need high dimensional Feynman 
diagrams (see P. 607, 608 of [S] and see [IlE]etc.). Considering high dimensional Feynman 
diagrams, we need to research a kind of decomposition of manifolds, e.g. in Problem 11.21 
In §6] we prove that the answer to Problem 11.21 is negative if m ^ 3 and if each element 
of S has more than three connected bonndary components. 

2. A NEW INVARIANT 

We introdnce a new invariant in order to discnss the m ^ 3 case of Problem 11.21 

Definition 2.1. Let M be an m-dimensional smooth connected compact manifold with 
bonndary. Take a handle decomposition Ax [0,1] U (handles) of M. Here, we recall the 
following. (See [21 0] for handle decompositions. ) 

(1) The manifold A is a closed (m — l)-manifold C dM. The manifold A may be 
dM. The manifold A may not be dM. We may have A = (j). 

(2) The manifold A may not be connected. 

(3) There may be no handle (then M = Ax [0,1]). If handles are attached to Ax [0,1], 
all handles are attached to A x {1} not to A x {0}. 

Let H{M, A) denote this handle decomposition. An ordered handle decomposition Ho {M, A) 
consists of 

(1) a handle decomposition H{M,A) of M, and 

(2) an order of the handles h in H{M,A): If we give an order to the handles, let 
handles be called h(^) (^ = l,2,3,...h). 

The order satishes the following: Let /i be a natnral nnmber ^ 6. Let (M, A)^ = 
Uj=ih(j) C M. Then U^Ii/i(j) is a handle decomposition of {M,A)fj,. (We 
sometimes abbreviate (M, A)^ to M^.) 

(Note: if /i = 0, then snppose = A x [0,1]). 

Take an ordered handle decomposition Ho{M, A). 
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Let dM^ — Ax {0}= E^i 11... 11 where each E^i is a connected closed manifold. 
Let A)) be the maximum of S*^™“^dimiL*(£^^j; M) for i G {1,...,^^}. We 

sometimes abbreviate e^{TLo{.AI, A)) to e^. 

Let ^{TCoiM, yl)) be the maximum of {ei,.., es}. Note that ^{T-CoiM, A)) is the maximum 
of M) for all i, fi. 

Let v{M^A) be the minimum of v{l-Lo{M, A)) for all ordered handle decompositions 
no{M,A). 

Let v{M) be the maximum of u{M,A) for all A. 

Note. By the dehnition, zy(M) is an invariant of diffeomorphism type of M. If we 
consider v{M) for all smooth structures on M, we get an invariant of homeomorphism 
type of M. 

Note. S*^™“^dimiL*(£'^j; M) is not the Euler number of E^i. Their dehnitions are 
different. 

Theorem 2.2. Let M and N be m-dimensional compact connected manifolds with bound¬ 
ary. Let M Aq N be a boundary union of M and N . Then we have 

0 ^ v{M Ua N) ^ max(z/(M), i/(A^)). 

By the induction, we have a corollary. 

Corollary 2.3. Let Li ,..., Lp be m-dimensional compact connected manifolds with bound¬ 
ary. Let be a boundary union of Li,..., Lp. Then we have 

0 ^ ^ max(zy(Li),..., z/(Lp)). 

Claim 2.4. The answer to the m ^ 3 case of Problem \1.^ is negative if the following 
Problem \2.^ has the affirmative answer. 

Problem 2.5. Let m be an integer ^ 3. Suppose that there is an m-dimensional compact 
connected manifold X. Take any natural number N. Then is there an m-dimensional 
compact connected manifold M such that dM = dX and that 

iy{M) ^ N? 

In particular, consider the dX = (f case. 

Note. If we do not £x the diffeomorphism type of dM, it is easy to prove that there are 
manifolds M such that z/(M) ^ N. Because: Examples are manifolds M made from one 
0-handle h^ and N' copies of h^, where N' ^ N. 

3. Proof of Theorem 12.21 and CLAi]v f2T4] 

Proof of Theorem 12.21 By the dehnition of Ug N), there is an (m — l)-manifold 
P such that 
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u{M Ua N)=v{M Ua N, P). —[1] 

Let A = P n M. Let P = P n A^. Let C = M n A^. 

Suppose that an ordered handle decomposition T-Co{M,A) gives iy{M,A). Hence 
u{M,A)=u{no{M,A)).—[2] 

Let T-Co{M, A) consist of ordered handles h(l), h{a). 

Suppose that an ordered handle decomposition T-Co{N, PHC') gives iy{N, PHC'). Hence 

u{N, BUC) = iy{no{N, B H C)). -[3] 

Let Ho{N, BAC) consist of ordered handles ^(1), k{l3). 

Let Ho{MUqN, P) be an ordered handle decomposition to consist of /(I), l{a + /3), 

where the restriction of TioiM Ua N,P) to | C) | C) 

is, we have an ordered handle decomposition 

MUaA^= (AUB) U /(I) U... U l{a) U l{a +1) U ...U l{a + f5) 

P h{l) ... h{a) k{l) ... k{/3). 

Here, note that l{i) = h{i){i = 1,..., a), and that l{j) = k{j + a){j = 1,/3). 

Recall e^(7-fo(,)) in Definition 12.11 
If u{no{M Ua N, P)) = e^{no{M Ua A^, P)) (a + 1 ^ p ^ /?), then 

piHoiM Ua N, P)) = u{no{N, BUC)). -[4] 

Let P = Pi H ... H P^, where Bj is a closed connected manifold. 

If Ua N, P)) = e^iHoiM Ua N, P)) (/i ^ a), 

u{no{M Ua N, P)) = max{z/(Po(M,H)), E:z™-MimP,(Pj;M)} for all j. 

Hence 

KPo(M Ua N, P)) = iy{no{M,A)) -[5] 

or 

v{7io{M Ua N, P)) = E*^™“^dimP*(Pj; M) for an integer j. —-[6] 

Let C = Cl H ... H C^, where Ci is a closed connected manifold. Note that 
eoiHoiN, P H C)) = max{J:iz]^-^dimH,{Bj;R), E™-MimP,(a; M)} for all ij. 
Hence, in the [6] case, 
u{no{M Ua N, P)) ^ eoiHoiN, PHC)). 

By the definitiion of PHC)), 

eoiHoiN, P H C)) ^ i^iHoiN, PHC)). 

Hence 

KPo(MUaAr,P)) ^ i^iHoiN, B U C)). —[7] 

Note that, in the [6] case, by the above discussion, 

uiHoiN, P H C)) = uiHoiM Ua N, P)) = Alzi^-^dimH.iBj-, M) for the integer j. 

Since [4], [5], or [7] holds. 
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v{7io{Myj9N,P)) ^mayi{v{7io{M,A)),v{7io{N,B]lC))}. —[ 8 ] 

By [2], [3], and [8], 

u{no{M Ua N, P)) ^ max{i/(M, A), u{N, BUC)}. -[9] 

By the definition of u{M Ua N, P), 

u{M Ua N, P) ^ p{no{M Ua N, P)). -[10] 

By [9] and [10], 

u{M Ua N, P) ^ niax{i/(M, ^4), u{N, BUC)}. -[11] 

By [1] and [11] 

u{M Ua N) ^ niax{z/(M, A), BUC)}. -[12] 

By the definition of v{M) and jy{N), we have 

iy{M,A) ^ and iy{N,BUC) ^ u{N). -[13] 

By [12] and [13], 

u{M Ua N) ^ niax{z/(M), i>{N))}. 

By the definition of ), 0 ^ u{M Ua N). 

This completes the proof. 

Proof of Claim 12.41 We suppose the following assumption and we deduce a contradic¬ 
tion. 

Assumption: we have the affirmative answer to Problem 11.21 

By the above assumption there is a finite set S = {S'!,..., iSs} such that an arbitrary 
compact m-manifold M is a boundary union of some copies of Si{i = 1,..., s). 

By Corollary 12.31 z/(M) ^max{i/(S'i),..., i/(S's)}. 

If Problem 12.51 has the affirmative answer, then there is a compact m-manifold M such 
that zy(M) >max{z^(S'i),..., z/(S's)}. 

We arrived at a contradiction. Hence Claim 12.41 is true. 


4. Some results on our new invariant 

Let M ^ (p. Let m > 3. Let M be a smooth closed oriented connected m-manifold. By 
the definition, z/(M) ^ 2. We prove: 

Theorem 4.1. Let 5'™' be diffeomorphic to the standard sphere. Then v{S^) = 2. 

Proof of Theorem 14.11 There is an ordered handle decomposition TLo = h{l) U h{2) 
such that h(l) = h^ h{l) = h™. Then u{TLo) = 2. Hence u(M) ^ 2. By the definition, 
zy(M) ^ 2 for any M. Hence n{S"^) = 2. 

Note. Furthermore, we have the following: if M has a handle decomposition /i° U h™, 
then 1^(74) = 2. 
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It is natural to ask the following: Suppose M is a closed oriented manifold. Then does 
u{M) = 2 implies that M is PL homeomorphic to S'^1 
We have the following theorems to this question. 


Theorem 4.2. Let m 7 ^ Ak{m G N, /c G N). Let M be an m-dimensional connected closed 
oriented manifold. Suppose z/(M) = 2. Then M has a handle decomposition hP Uh^. 


Theorem 4.3. Let m = 4:k{k G M). Then there is an m-dimensional connected closed ori¬ 
ented manifold M such that u(M) = 2 and that there is an inteqer * such that 
IS NOT 

Proof of Theorem 14.21 There is an ordered handle decomposition Ho such that 
i^iHo) = 2 . 

There is an integer fi such that 
= [hP U h^) 11 (/-copies of h°), where I G {0} U N. 

We suppose that m — 1 ^ p ^ 1 and we deduce a contradiction. 

Let X = h^ U hP. Then By Poincare duality and the universal 

coefficient theorem, H^{X;R) = Hm-*{X,dX;R). 

Since n{no) = 2, H,{dX-,R) = H,{S^-^-,R). 

Hence we have the following. 

//.(.YiK) = | * 


if * = 0,p 
if * 7^ 0,p. 


H,{X,dX;R) = 


0 


if * = m, m — p 
if * 7 ^ m, m — p. 


H,{dX;R) = 


M if * = m — 1 , 0 
0 if * 7 ^ m — 1 , 0 . 

Suppose p = 1. Then dX = x 5'™“^. Then E*^™“^dimi4*(5W; M) = 4. Hence 
z/(M) 7 ^ 2. We arrived at a contradiction. Hence p 7 ^ 1. Hence Hi{X]R) = 0. 

Consider the Mayer-Vietoris exact sequence: 

H,{dX- R) ^ H,{X- R) ^ H,{X, dX- R). 

By this exact sequence and Hi{X;R) = 0, we have Hi{X, clX; M) = 0. Hence m—p 7^ 1. 
Hence p 7 ^ m — 1. Hence p "L m — 2. 

By this exact sequence, M) = M), andp ^ m— 2, we have that the ho¬ 

momorphism Hp{X] R) —>■ Hp{X, clX; M) in the above exact sequence is an isomorphism. 
Hence we have m — p = p. Hence m = 2p. Hence m is even. 

Hence m = Ak 2. Hence p = 2fc -|- 1. Then, for any p-chain 7 , the intersection product 
7-7 = 0. Hence we have that the homomorphism Hp{X-,R) —> Hp{X,dX-,R) in the 
above exact sequence is the zero map. 

We arrived at a contradiction (in the case where m = 4fc -|- 2). Hence p = m. 
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Since U is a connected closed orientable manifold, I = 0 and M = /i° U /i”*. 


Proof of Theorem 14.31 Take the total space X of D^-bundle over associated 
with the tangent bundle of . Note X has a handle decomposition hP U h'^. Then 
dX is a rational homology sphere. Take the double of X, call it M. Then is 

NOT M). Note there is a handle decomposition of M which is naturally made 

by taking the double. It is /i° U U h ^ U where is in X and where h ^ is NOT 

_m 

in X. Give an order: h{l) = hP,h{2) = h^,h{3) = h ^ ; ^(4) = hX. Call this ordered 
handle decomposition Tio- Then each dM^ as in Dehnition 12.11 is a rational homology 
sphere (including 5'™“^) or an empty set. Hence i^(74o) = 2. Hence z/(M) = 2. 

Theorem 4.4. In Theorem \2.2\. there is a pair of manifolds M, N such that 

zy(M Ug N) 7 ^ max(i/(M), u{N)). 

Proof of Theorem 14.41 Let M = N. Let M be the 2-dimensional solid torus x D"^. 
Note dM is the torus T^. Consider all Ho{S^ x and Ho{S^ x D^,0). Then all 

these Ho have dM^ = for an integer p. Hence ^ 4. 

There is a handle decomposition hP U h^ such that u{Ho{S^ x f)) =4. 

There is a handle decomposition x [0,1] U U such that x T^)) = 4. 

Hence iy{M) = z/(A^) = 4. 

Note that there is a boundary union = M Ug N. By Theorem 14.11 = 2. 

Hence u{M Ug N) = 2 < A = max(z/(M), z^(iV)). 

Hence v\m Ug N) ^ max(z/(M), r'iN)). 

Theorem 4.5. Let m G M. Let m ^ 3. Then there is an m-dimensional connected closed 
oriented manifold M such that v{M) = 4 

Proof of Theorem 14.51 Let M = x S^. Then any handle decomposition includes 
one 1-handle. Hence any handle decomposition includes a such that dM^ = x 
S^. Hence iy{M) ^ 4. 

There is a handle decomposition M = U U h'^~^ U h™'. Even if we give this 
handle decomposition any order and get an ordered handle decomposition TCq, we have 
yifHo) = 4. Hence z/(M) = 4. 

5. 3-manifolds and our new invariant 

Suppose M is a 3-dimensional connected closed oriented manifold. Then, by the definition 
of v{M) and that of the Heegaard genus of M, we have 
(the Heegaard genus) x 2 -|- 2 ^ v{M). 
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Theorem 5.1. Let M be a 3-dimensional connected closed oriented manifold. If Heegaard 
genus is one, then v{M) = 4. 

Proof of Theorem l5.lL Since the Heggard genus is one, M is not a sphere. By Theorem 
14.21 iy{M) 7 ^ 2. Since E^i in Dehnition 12.11 is a closed oriented surface, u{M) is even. 
Hence i/{M) ^ 4. 

There is a handle decomposition TL oi M such that M = . Even if we give 

7i any order and get an ordered handle decomposition Hq, we have nifHo) = 4. Hence 
u{M) = 4. 

The converse of Theorem 15.11 is not true. 

Theorem 5.2. Let n he any natural number. Then there is a connected closed oriented 
3-dimensional manifold M such that i/{M) = 4 and that Heegaard genus of M is n. 

Proof of Theorem 15.2L Consider the connected sum of n copies of M.P^. 

It is natural to ask whether 
iy{M) = (Heegaard genus) x 2 + 2 
is true if M is prime. It is not true in general. 

Theorem 5.3. There is a connected closed oriented 3-dimensional prime manifold M 
such that z/(M) ^ {Heegaard genus) x 2 + 2. 

Proof of Theorem 15.3L Let M he X ^ 2 , where Tg is a closed oriented connected 
surface with genus g. Note M is prime. Then the Heegaard genus of M is five. Hence 
(Heegaard genus) x 2 + 2 = 12. 

Let be 5*^ X (T^—(an embedded open 2-disc)). We can regard M as the double of 
N. There is an ordered handle decomposition Ho{M) to consist of h{l ),..., h{6) with the 
following properties: 

(1) h{l) = hP, h{2) = h^, h{3) = hf, h{A) = h^, h{5) = and h{6) = hf. 

(2) dMi = S^, dM 2 = T^, dM^ = Es, dM^ = Eg, dM^ = Ea, and dM^ = TT 

Hence h'{N,(j)) ^ E*^(P“^dimiL*(E 3 ; R) = 8. Consider the dual handle decomposition 
of the above one. Hence u{N,dN) ^ 8. By the dehnition of n{N), n{N) ^ 8. By 
Theorem 12.21 iy{M) ^ i^{N). Hence i/{M) ^ 8. Hence u{M) ^ (Heegaard genus) x 2-1-2. 

6. The solution of a special case 

We prove that the answer to Problem 11.21 is negative if m ^ 3 and if each element of 
S has more than three connected boundary components. 


We suppose that the following assumption is true, and deduce a contradiction. 















Assumption. We have m ^ 3. Each element of S has more than three connected 
boundary components. The answer to Problem 11.21 is affirmative. 

Let W be an m-dimensional arbitrary compact connected manifold with boundary. 
Then we can divide W into pieces Wi & S and can regard W = Wi\jQ...UdWu,. Consider 
the Meyer-Vietoris exact sequence: 

n lTj'};Q) —^ Hj{W;Q). Here, means the disjoint 

union of Wi fl fTj/ for all {i, i'). Consider 

HiiW- Q) ^ iLo(n.,Hw n Q) ^ HoinW,- Q) H^iW- Q) ^ 0. Note 

i/o(nW,; Q) = Q- and Ho{W- Q) = Q. 

Let HQ{]li^ii{Wir\Wi'}] Q) = Q^. Suppose that dW has z components. Hence p ^ 

We suppose iLi(W;Q) = Qh Then we have the exact sequence: 

—>■ —>■ —>■ Q —>■ 0. Hence I ^ p — w + 1. Hence I ^ _ Hence {2l + z — 2) ^ w. 

We define an invariant. Let A be a compact manifold. Take a handle decomposition 
of X. Consider the numbers of handles in the handle decompositions. Let h{X) be the 
minimum of such the numbers. 

Suppose that 5 is a finite set {Mi,..., M^}. Suppose that M' is one of the manifolds 
Mi and that h{M') ^ h{Mi) for any i. Then we have w x h{M') ^ h{W). Hence 
(2/ -I- z — 2) X h{M') ^ h{W). Note that the left side is constant. 

For any natural number A, there are countably inhnitely many compact oriented 
connected m-manifolds W with boundaries such that dW = dW that 

= Q^, and that h{W) ^ N. Because: There is an n-dimensional manifold P 
such that Hi{P]Q) = Qh There is an n-dimensional rational homology sphere Q which 
is not an integral homology sphere. Make a connected sum which is made from one copy 
of P and q copies of Q (g G M U {0}). 

We arrived at a contradiction. This completes the proof. 

Furthermore, [?] pointed out the following. 

(1) There is a piece of n-dimensional Feynman diagram with three outlines with the 
following properties. Two copies of the piece is made into countably inhnitely many 
kinds of tree diagrams with four outlines. 

(The idea of the proof: Let the piece be {(the solid torus)—two open 3-balls}. Use the 
fact that all lens spaces, S^, and 5”^ x are made from two solid torus.) 

(2) There is an infnite set S with the following properties. 

(i) All m-dimensional Fyenman diagrams (compact manifolds) are boundary sums of 
hnite elements of S. 

(ii) Each element of S is what is made by attaching a handle to ((m — l)-dimensional 
closed manifold) X [0,1]. Note it has one, two or three boundary components. (The idea 
of the proof: Use handle decompositions.) 
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7. Discussion 


Take a group G = {gi, ...,gN\ 

91 ■ ■ gN-i ■ gN ■ g2^--- ■ 5'iv-i = 

92 ■ 93--- ■ 9n ■ 9i' 9z ■ 9n ' 9i^ = ■■■■, 

9n ■ 9i--- ■ 9n-2 ■ 9n-i ■ 9i ' 9n-i = !•} 

In the m ^ 4 case, we can make a compact connected oriented manifold Z such that 

(1) n,{Z) = G. 

(2) Z is made of one 0-handle, N copies of 1-handles, and N copies of 2-handles. 

Take the double of Z. Call it W. Note 7ri(kT) = G. 

Thus we submit the following problem. 

Problem 7.1. Do you prove z/(kT) ^ N1 

If the answer to Problem 17.II is affirmative, then the answer to Problem 12.51 is affirmative 
(in the closed manifolds case, which would be extended in all cases). 

By using a manifold whose fundamental group is so complicated as above, we may solve 
Problem 01 EH 

Use Zp coefficient homology groups instead in the dehnition of v. Use the order of 
Tori7*( ;Z) instead in the dehnition of v. Can we solve Problem 11.21 .'' 

Calculate v of the knot complement. (In particular, in the case of 1-dimensional prime 
knots. In this case, what kind of connection with the Heegaard genus?) 
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